We propose a new scenario to implement spontaneous symmetry breaking in the space-time of an arbitrary dimension (D > 2) by introducing the non-minimal coupling between the scalar field and the gravity. In this scenario, the usage of the familiar λΦ 4 term, which is non-renormalizable for D ≥ 5, can be avoided altogether.
Introduction
In physics, the standard way to achieve spontaneous symmetry breaking (SSB) is by introducing a scalar field 1 with a potential like
Both the negative (mass) 2 Φ 2 term and λΦ 4 term play a crucial role to make the potential behaving like Figure 1 or Figure 2 , and possessing multiple true vacua. In the process of choosing one among these true vacua, SSB is achieved and, in the meanwhile, some topological defects like domain walls or cosmic strings 2 could form. The non-minimal coupling between scalar fields and gravity has been introduced in various topics in quantum field theories and cosmology. In quantum field theories (for a comprehensive review and a list of references, see the book [2] ), the conformal invariance of the massless scalar field with the non-minimal coupling constant ξ = 1/6 was first noted by Penrose [3] (see also [4] ). In the framework of quantum field theories in curved space-time, the non-minimal coupling term can also be introduced by the requirement of renormalizability [5] (for a review, see [6] ). In cosmology (see [7] [8] and references therein), the usage of the non-minimal coupling in the inflation 1 A famous example is the Higgs mechanism [1] in the Standard Model to break the SU(2) ×U(1) gauge symmetry spontaneously.
2 If Φ is a single real scalar field, domain walls can form along with SSB. On the other hand, if Φ denotes a complex scalar field or N (≥ 2) real scalar fields, (cosmic) strings can form. models [9] and models for the cosmological constant problem [7] [10] (first proposed by Dolgov [11] ) has been widely explored. In addition, the nonminimal coupling is also involved in an interesting model called "induced gravity" which was first proposed by Zee in 1979 [12] and is still explored nowadays (e.g. a series of work about induced gravity and inflation by Kao [13] ).
The role of the non-minimal coupling in SSB and phase transitions in 4D space-time has been widely discussed (for a review, see [2] ). It has been pointed out that the non-minimal coupling with the external gravitational field may lead to SSB [14] . It has also been noted that SSB and phase transitions can be induced by curvature via the non-minimal coupling with the external gravitational field [15] . Accompanying the quest of symmetry breaking and vacuum stability in curved space-time [16] , that the curvature can be a symmetry-breaking factor has been shown. Note that, in the papers mentioned above, the effect of the curved space-time is taken into account by introducing an 'external' gravitational field, which means that the metric tensor of the space-time is treated as a background, and the Ricci scalar R in the non-minimal coupling term is regarded as an 'external' parameter (like the temperature of a macroscopic system in thermodynamics). This is different from our usage of the gravitational field to be discussed below.
In this paper, we propose an alternative way to achieve SSB in 4D and arbitrary higher (D ≥ 5) dimensional space-time. We will show that, by introducing the non-minimal coupling between the scalar field and gravity, and keeping the negative (mass) 2 Φ 2 term, we can build up a new scenario to implement SSB without using λΦ 4 term. Avoiding the usage of λΦ 4 term could be a benefit when we consider SSB in the higher dimensional spacetime, because λΦ 4 term is non-renormalizable in the formalism of quantum field theories in D ≥ 5 dimensional space-time. The gravitational field introduced in this paper is not an 'external' field or a background field, but strongly depends on the scalar field through the Einstein equations. Such a strong dependence plays a crucial role in implementing SSB in our scenario. This is one of the essential differences between the previous work mentioned in last paragraph and our work in this paper.
To illustrate our idea specifically, we consider a simple case in the third part of this paper: a world with an arbitrary space-time dimension which is dominated by the 'cosmological constant', the 'vacuum energy', and the 'potential energy' 3 . (In fact, the space-time dimension D should be larger than two in our discussion.) In this simple case, we will see that the potential of the scalar field possesses multiple true vacua, which is the key element to implement SSB.
Non-minimal coupling to gravity
To introduce the non-minimal coupling between the scalar field and gravity, we consider the Lagrangian density of the scalar field Φ in arbitrary D dimensional space-time,
is the potential term for the scalar field Φ which includes the non-minimal coupling to gravity via the Ricci scalar R with a coupling constant ξ which is positive 4 in our consideration, and G M N is the metric tensor of the D dimensional space-time.
To discuss the behavior of the potential V R (Φ), we need to know the behavior of the Ricci scalar R, which can be obtained from the D dimensional Einstein equations:
where G M N is the D dimensional Einstein tensor, Λ is the cosmological constant, T M N is the energy-momentum tensor 5 , and κ is a parameter (to be called "D dimensional gravitational constant") which has the same role with the Newton's constant G in four dimensional space-time. For simplicity, we consider the case for the perfect fluid with the effective energy-momentum tensorT
By taking trace of the Einstein equations, it is straightforward to get a relation between the Ricci scalar R and ρ, p 1 , p 2 , ..., p (D−1) :
Consider a simple case that the effective energy-momentum tensor is dominated by the effective cosmological constant Λ ef f which includes the original cosmological constant Λ and the possible contribution from the energymomentum tensor of the vacuum energy or the potential energy (see footnote
and henceρ
Consequently, in this simple case,
which is positive(negative) for a negative(positive) effective cosmological constant Λ ef f . The above result is essential in the following discussion about implementing SSB in the third part of this paper. We will see that, if we treat the Ricci scalar R as a parameter and write the potential as
the "coefficient" (ξR − µ 2 ) can be negative for small Φ 2 and positive for large Φ 2 in some situation. And hence the potential V R (Φ) behaves similarly to the well-known potential (Eq. (1)) for Higgs mechanism , and possesses multiple true vacua. To see it more specifically, let us consider a simple case.
3 A simple case to illustrate the way of implementing spontaneous symmetry breaking Consider a Λ dominated world, that is, the energy-momentum tensor T M N of the D dimensional world is dominated by the cosmological constant and the potential energy 6 (see footnote 3). The action, in which only gravity and the scalar field are considered, is given by
where
Λ is a positive cosmological constant, G is the absolute value of the determinant of the metric tensor G M N , and ξ is a positive coupling constant.
By varying the above action respect to the metric tensor G M N , the Einstein equations in this simple case can be obtained as
where the term −ξΦ 2 G M N is derived from the variation of the term − 1 2 ξRΦ 2 √ G in the action. This term will modify the parameter κ as follows:
where the 'effective gravitational constant' κ ef f is defined as
which is not a constant parameter, but has the dependence on the square of the scalar field; the 'effective potential energy (or vacuum energy)' V ef f and the 'effective cosmological constant' Λ ef f are defined as
Taking trace of both sides of the 'modified Einstein equations' (16) will give us the Ricci scalar R as a function of the scalar field Φ :
Substituting the above formula into the potential V R (Φ) (Eq. (15)), we get
.
At first glance, the functional form of the potential V R (Φ) in Eq. (22) is very similar to the well-known Higgs potential (Eq. (1)). However, the "parameters"μ 2 andλ are not constants, but are functions of Φ 2 . We need to explore more details regarding the structure of the potential V R (Φ) in order to understand its behavior. In the following, by using the equation (derived from Eq. (21))
we will consider the small and large Φ 2 limits to give us some rough preliminary view of the behavior of the potential V R (Φ). And then we will calculate the first and second derivatives of V R (Φ) to see its behavior explicitly.
• Small Φ 2 limit: (κξΦ 2 << 1)
So the potential V R (Φ) is convex in the small Φ 2 region as shown by the solid line in Figure 3 .
• Large Φ 2 limit: (κξΦ 2 >> 1)
So the potential V R (Φ) is concave in the large Φ 2 region as shown by the dash line in Figure 3 . Consequently we can conclude that the potential V R (Φ) is convex in the small Φ 2 region, and concave in the large Φ 2 region. Such kind of behavior is very similar to the Higgs potential (Eq. (1)), and indicate that there are multiple true vacua along with this potential.
• First derivative:
(Besides, there are two imaginary roots which are irrelevant to our discussion.) So the potential V R (Φ) has three plateaus corresponding to three (true or false) vacua.
• Second derivative:
So the vacuum at Φ = 0 is a false vacuum. In addition,
So these two vacua at Φ = ± v are true vacua.
Eventually, we can conclude that the potential V R (Φ), which includes a negative mass 2 Φ 2 term and a term coupling to gravity via the Ricci scalar R, has similar behavior to the well-known Higgs potential (Eq. (1)), and possesses multiple true vacua (with the same potential energy), which is exactly the key element to implement SSB.
Discussion
We have shown that the potential V R (Φ) does possess multiple true vacua and be able to result in spontaneous symmetry breaking under suitable conditions. In particular, we find, from Eq. (28) and Eq. (30), that the conditions
should be fulfilled in order to produce spontaneous symmetry breaking.
In our scenario, the gravitational constant κ will undergo a "phase transition" along with the spontaneous symmetry breaking:
when the scalar field Φ rolls down to one of the true vacua. It is interesting to see the large ξΛ limit of κ ef f :
Accordingly, even though the original gravitational constant κ could be arbitrarily large, we still can get a small effective gravitational constant κ ef f by choosing (or tuning) the parameters: µ, ξ, and Λ such that the fraction µ 2 /ξΛ is small enough. This phenomenon is similar to the result of the "induced gravity" model [12] . It would be of interest to find, numerically, the solutions in our model, that is, the solutions of the coupled equations -Einstein equations and the field equation of the scalar field Φ:
(Note that there is no non-minimal coupling term in L (0) Φ . The above coupled equations can be derived by varying the action S in Eq. (13) respect to G M N , Φ, and ∂Φ.) By inspection, it is obvious that there is a trivial solution: Φ = constant and the metric tensor G M N is of de Sitter or anti-de Sitter spacetime, depending on the 'effective cosmological constant' Λ ef f is positive or negative. Moreover, we want to find out other non-trivial solutions, especially the domain wall solution(s) because we are interested in the domain-wall formation under our new SSB scenario, and the relationship between such kind of domain wall and the Randall-Sundrum scenario [19] [20] in 5D spacetime. In our preliminary sight on it, we do see that the configuration of this domain wall is similar to the configuration of the brane world in the Randall-Sundrum scenario [19] , in which the appropriate "Friedmann equation(s)" (describing the expansion or contraction of the brane world) can be obtained successfully [21] . We also wish to explore more details on it.
